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Quantum marginal problem

m Let papcop be the density matrix of
four particles, i.e., papcp > 0 and

Trpapep = 1. O
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m What do parts of quantum states tell about the whole?® What
does it tell us about entanglement?
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m What do parts of quantum states tell about the whole?® What
does it tell us about entanglement?

m Apart from the existence question, it is also interesting to ask
whether the global state is uniquely determined by the marginals.
This decides the uniqueness of the ground state of a local
Hamiltonian® H = 4, @ Ay @1+ B 1@ B3+ 1® Cy @ Cs.
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does it tell us about entanglement?

m Apart from the existence question, it is also interesting to ask
whether the global state is uniquely determined by the marginals.
This decides the uniqueness of the ground state of a local
Hamiltonian® H = 4, @ Ay @1+ B 1@ B3+ 1® Cy @ Cs.

m One can consider further restrictions, e.g., that the global state
has to be fermionic which is important in quantum chemistry”.
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Semi-definite programming®

m primal problem:

mln E .CUJ C]
Z zj
=1

A

N

f(X)

Fj—Fy=X>0.

opt

g(Y)

~

»

XY

What to remember?
m Linear objective function

such as Tr pA or find p.

Linear and semi-definite
constraints such as
TrB,OAB =pa, p=0or
P 2 0.

SDPs are easy and
reliable to solve with a
computer.

Analytical bounds and
sometimes proofs can be
obtained.

8L. Vandenberghe and S. Boyd, SIAM Review 38, 49 (1996).
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Pure quantum marginal problem

m The quantum marginal problem becomes way more complicated if
we require the global state to be pure:

find l©)
st Tre(o)e) =pn T€T,

where I¢ is the complement of I, i.e., all particles which are not in
I and 7 are some subsets of particles.

9A. Klyachko, arXiv:quant-ph/0409113.
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m The quantum marginal problem becomes way more complicated if
we require the global state to be pure:

find l©)

st. Tre(le)lel) = pr, T€T,

where I¢ is the complement of I, i.e., all particles which are not in
I and 7 are some subsets of particles.

m So far, there is only a structured approach when the marginals are
non-overlapping®, i.e., I, NI, = G for I, I, € 7.

9A. Klyachko, arXiv:quant-ph/0409113.
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system A @3 3 system B
Oon on

= Pap = |p) (@] ® ) (@] = lpp) (el
m In this case, we have
Trae(®as) = (Trre[p)(p]) @ @) (]
= p1 ® [p){¢]
=pr @ Tra(Pap).
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st. Vap®Pap =®asp,
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n-body ¢ e n-body
system A ©3 3 gsystem B
®n ®n

<! ®4p € SEP means that ap = >, pulay) (] @ [8u)(Bul-
B VapPap = Papimplies ap =3, pultu) (Yl @ (1) (thpl-
m Let TI‘]c(|1/)u><¢,u|) = be), then TI"AIC ((I)AB) =pr & TI"A((I)AB)
implies that Zupﬂag”) ® U}”) =pr ®pr.
B p ® p are extreme points of the convex hull
conv{p®p|p >0, Tr(p) =1}.



Separability decides pure quantum marginal problems

find ®4p € SEP

& st Vap®Pap =Pap,
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Separability decides pure quantum marginal problems

find ®4p € SEP

= s.t. Vap®ap = Pasp,
s.t. Trre (le)(el) = p1, I €Z, Tra,.(®Pap) =pr ® Tra(®ap) VIEL

<1 Qap =3, ultou) (Vul @ () (ul With Trre ([10,) () = " and

>, puot )®g§ W= prepr

m Let X be any Hermitian matrix such that Tr(Xp;) = 0. Then,
0 =Tr[(X @ X)(pr @ pr1)]

= puTr((X ® X)(0, @ 0,)]
"

= 3 pulTr(Xo,))2

0
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Separability decides pure quantum marginal problems

find ®4p € SEP

& st Vap®Pap =Pap,
s-t- Trio(lo)tel) = pr, T€T, Tra,.(®ap)=pr ®Tra(®ap) VIel

< Oup = 2, pult) (Wul @ [6,) (W] With Trre(j1,) (6,]) = o and

Z,Lpuaﬁ )®g§ " = pr @ pr.

m Let X be any Hermitian matrix such that Tr(Xp;) = 0. Then,
0 =Tr[(X @ X)(pr @ pr1)]

= puTr((X ® X)(0, @ 0,)]
"

= 3 pulTr(Xo,))2

0

m Thus, together with normalization o, = p; and hence, all the [1,,)
are solutions to the marginal problem.
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Quantum de Finetti theorem

m For a separable, symmetric state
Pap =3, Pultbu) (Yul @ |1hu)(ul, itis easy to write down a
symmetric extension ®apc. z = 3, Dultu) (Pul @ -~ @ [1h) (Wl.

Permutation Vs, ¥ € Sy Vs = VUS"

A B ...... Z
o1 @1 eeeees o1 V,,0€ SN
o2 @2 e ® V, o€cSy
3 R 3 Vo, 0€ Sy
®n ®n e ®n V,, o€ SN

°C. M. Caves, C. A. Fuchs, R. Schack, J. Math. Phys. 43, 4537 (2002).
""M. Christandl, R. Kénig, G. Mitchison, R. Renner, Commun. Math. Phys. 273, 473
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m For a separable, symmetric state
Pap =3, Pultbu) (Yul @ |1hu)(ul, itis easy to write down a
symmetric extension ®apc..z = 3, Dulu) (bul @ -+ @ [1) (Y.
m The quantum de Finetti theorem ™" tells us that also the reverse
is true: If there exist extensions ® 4.z on the symmetric
subspace for any number of extra particles such that
Pap =Tre.z Papc..z, then @ap = 3° pultbp) (Yul © |u) (bl

Permutation Vx, 3 € Sy Vs = VHX"

A B e 7
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Main results

find ®4p € SEP

find o)
& st VapPap = Pas,
s.t. Trro(|e){el) = p1, I €Z, TrAIC(q)AB):pI®TrA(q>AB) VIiel.
Permutation Vi, 3 € Sy Vi = V@n
ﬁ_/%
A B e VA
o ~ I o1 V,.o€Sy
o2 ey - ® V, 0€Sy
3 | oooooo 3 Vo, 0 €Sy
.n .,' ...... .;' ‘/'d* o€ S‘\.

Due to the quantum de Finetti theorem, these are also equivalent and
can be tested with the following hierarchy for N > 2:

find DPup.z

s.t. P]—V’—CI)ABMZP]—\’/_ =®yp..z,
DPap.z >0, TI‘((I)AB...Z) =1,
TI'AIC ((I)AB~~Z) =pr® TI‘A(CI)AB‘..Z) VIel.



Application: Absolutely Maximally Entangled states

m An AME(n, d) state with n particles and local dimension d is a pure
state with all | §]-marginals maximally mixed.

12https ://www.tp.nt.uni-siegen.de/+fhuber/ame.html
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Application: Absolutely Maximally Entangled states

m An AME(n, d) state with n particles and local dimension d is a pure
state with all | §]-marginals maximally mixed.
m Example: AME(2, d) are the maximally entangled states |¢™).

yyyyyyyyyyyyyyyyyyy

12https ://www.tp.nt.uni-siegen.de/+fhuber/ame.html

How separability decides marginal problems [arXiv:2008.02124]


https://www.tp.nt.uni-siegen.de/+fhuber/ame.html

Application: Absolutely Maximally Entangled states

find Py p € SEP

find  [p)
& st Vap®Pap = Pap,

5.5 Trre(le)el) = pr, I €L, Tra,.(®ap) =pr @ Tra(®ap) VIeT.

m From an AME(n, d) state |¢),
we can obtain another one by
applying local unitaries and
swapping particles.
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Application: Absolutely Maximally Entangled states

find ®ap € SEP
find ©
@) st. VapPap = Pas,

5.5 Trre(le)el) = pr, I €L, Tra,.(®ap) =pr @ Tra(®ap) VIeT.

m From an AME(n, d) state |¢), ! 1

we can obtain another one by nbody & ®2  -body
. G system A @3 3 system B

applying local unitaries and : :

swapping particles. o on

m Similarly, we can consider

1
Pan= 1 YV [/dU1-~-dUn UP o - 0 ULl)el @ o) (ol

UH* @ --@ (U)®2| (VH*?

™

as a solution to the problem.



Application: Absolutely Maximally Entangled states

find ®4p € SEP
find ©
i & st Vap®Pap = Pas,

s-t- Trio(lo)tel) = pr, T€T, Tra,.(®aB) =pr ®Tra(®ap) VIel

1
Dap= 1 YV Udyl...dyn UP ® - ® Ule){e| ® o) (ol

UH*2 - @ U])®?] (V)2

™
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Application: Absolutely Maximally Entangled states

find ®4p € SEP
find ©
i & st Vap®Pap = Pas,

s-t- Trio(lo)tel) = pr, T€T, Tra,.(®aB) =pr ®Tra(®ap) VIel

1
Dap= 1 YV Udyl...dyn UP ® - ® Ule){e| ® o) (ol

UH*2 - @ U])®?] (V)2

™

m This solution satisfies the symmetries
UL . @U22® 4p(U)22 .. (UN)®? = D5 = DAV 22D 45(V])E2

™

We can add them to the problem.
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Application: Absolutely Maximally Entangled states

find ®4p € SEP

& st Vap®Pap = Pas,
s.t. Trre (le)(el) = p1, I €Z, Tra,.(Pag) =pr @Tra(®ap) VIcL.

1
Dap= 1 YV Udyl...dyn UP ® - ® Ule){e| ® o) (ol

UH*2 - @ U])®?] (V)2

™

m This solution satisfies the symmetries
UL . @U22® 4p(U)22 .. (UN)®? = D5 = DAV 22D 45(V])E2

™

We can add them to the problem.
m Then, Schur-Weyl duality tells us that we can write

Oap = aP{VF @15},
=0
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Application: Absolutely Maximally Entangled states

Using symmetries, we show that the existence of an AME(n, d) state is
equivalent to the separability of

Pap = ZJUZ'P{V(XM. &® ]l®(n72')},
=0

where

D) ()
Ti = — 1 szm{dz+21 2k nti-2k}”

=0 k=

1 1

2 2
n-body ® ® n-body

system A @3 3 system B

on on
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Take-home message

m Pure quantum marginal problems are separability problems.
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