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Quantum marginal problem

Let ρABCD be the density matrix of
four particles, i.e., ρABCD ≥ 0 and
Tr ρABCD = 1.

The marginal on the particles A and
C is given by ρAC = TrBD ρABCD.
Example: If we have a bipartite state
ρAB with given marginals
ρA = TrB ρAB = 1

d and
ρB = TrA ρAB = 1

d , then...

... e.g., ρAB = 1
d ⊗

1
d is a valid

solution, but also ρAB = |Φ+〉〈Φ+|
with |Φ+〉 =

∑
j |j〉 ⊗ |j〉 being the

maximally entangled state.

4

4N. Wyderka, F. Huber, O. Gühne, Phys. Rev. A 97, 060101 (2018)
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Motivation

What do parts of quantum states tell about the whole?5 What
does it tell us about entanglement?

Apart from the existence question, it is also interesting to ask
whether the global state is uniquely determined by the marginals.
This decides the uniqueness of the ground state of a local
Hamiltonian6 H = A1 ⊗A2 ⊗ 1 +B1 ⊗ 1⊗B3 + 1⊗ C2 ⊗ C3.
One can consider further restrictions, e.g., that the global state
has to be fermionic which is important in quantum chemistry7.

5N. Wyderka, Dissertation (2020)
6F. Huber, O. Gühne, Phys. Rev. Lett. 117, 010403 (2016)
7A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963)
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Semi-definite programming8

primal problem:

min
X,x

n∑
j=1

xjcj

s.t.

n∑
j=1

xjFj − F0 = X ≥ 0.

dual problem:

max
Y

Tr(Y F0)

s.t. Tr(Y Fi) = ci,

Y ≥ 0.

Example:

find ρAB

s.t. Tr ρAB = 1, ρAB ≥ 0,

TrB ρAB =
1

d
,

TrA ρAB =
1

d
.

8L. Vandenberghe and S. Boyd, SIAM Review 38, 49 (1996).
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Semi-definite programming8

primal problem:

min
X,x

n∑
j=1

xjcj

s.t.

n∑
j=1

xjFj − F0 = X ≥ 0.

What to remember?

Linear objective function
such as Tr ρA or find ρ.

Linear and semi-definite
constraints such as
TrB ρAB = ρA, ρ ≥ 0 or
ρTBAB ≥ 0.
SDPs are easy and
reliable to solve with a
computer.
Analytical bounds and
sometimes proofs can be
obtained.

8L. Vandenberghe and S. Boyd, SIAM Review 38, 49 (1996).
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Pure quantum marginal problem

The quantum marginal problem becomes way more complicated if
we require the global state to be pure:

find |ϕ〉

s.t. TrIC (|ϕ〉〈ϕ|) = ρI , I ∈ I,

where IC is the complement of I, i.e., all particles which are not in
I and I are some subsets of particles.

So far, there is only a structured approach when the marginals are
non-overlapping9, i.e., I1 ∩ I2 = ∅ for I1, I2 ∈ I.

9A. Klyachko, arXiv:quant-ph/0409113.
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Separability decides pure quantum marginal problems

find |ϕ〉

s.t. TrIC (|ϕ〉〈ϕ|) = ρI , I ∈ I,
⇔

find ΦAB ∈ SEP

s.t. VABΦAB = ΦAB ,

TrAIc
(ΦAB) = ρI ⊗ TrA(ΦAB) ∀ I ∈ I.

VAB is the swap operator defined by VAB|φ〉A|ψ〉B = |ψ〉A|φ〉B.
The constraint VABΦAB = ΦAB means that ΦAB lives in the
symmetric subspace w.r.t. A|B, i.e., the +1-eigenvalue subspace
of VAB.

1

2

3

n

1

2

3

n

n-body
system A

n-body
system B

⇒: ΦAB = |ϕ〉〈ϕ| ⊗ |ϕ〉〈ϕ| = |ϕϕ〉〈ϕϕ|.
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n
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n

n-body
system A

n-body
system B

⇐:

ΦAB ∈ SEP means that ΦAB =
∑

µ pµ|αµ〉〈αµ| ⊗ |βµ〉〈βµ|.
VABΦAB = ΦAB implies ΦAB =

∑
µ pµ|ψµ〉〈ψµ| ⊗ |ψµ〉〈ψµ|.

Let TrIc(|ψµ〉〈ψµ|) = σ
(µ)
I , then TrAIc

(ΦAB) = ρI ⊗ TrA(ΦAB)

implies that
∑

µ pµσ
(µ)
I ⊗ σ

(µ)
I = ρI ⊗ ρI .

ρ⊗ ρ are extreme points of the convex hull
conv{ρ⊗ ρ | ρ ≥ 0, Tr(ρ) = 1}.
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n-body
system A

n-body
system B

⇐: ΦAB ∈ SEP means that ΦAB =
∑

µ pµ|αµ〉〈αµ| ⊗ |βµ〉〈βµ|.
VABΦAB = ΦAB implies ΦAB =

∑
µ pµ|ψµ〉〈ψµ| ⊗ |ψµ〉〈ψµ|.

Let TrIc(|ψµ〉〈ψµ|) = σ
(µ)
I , then TrAIc

(ΦAB) = ρI ⊗ TrA(ΦAB)

implies that
∑

µ pµσ
(µ)
I ⊗ σ

(µ)
I = ρI ⊗ ρI .

ρ⊗ ρ are extreme points of the convex hull
conv{ρ⊗ ρ | ρ ≥ 0, Tr(ρ) = 1}.
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Quantum de Finetti theorem

For a separable, symmetric state
ΦAB =

∑
µ pµ|ψµ〉〈ψµ| ⊗ |ψµ〉〈ψµ|, it is easy to write down a

symmetric extension ΦABC...Z =
∑

µ pµ|ψµ〉〈ψµ| ⊗ · · · ⊗ |ψµ〉〈ψµ|.

The quantum de Finetti theorem 1011 tells us that also the reverse
is true: If there exist extensions ΦABC...Z on the symmetric
subspace for any number of extra particles such that
ΦAB = TrC...Z ΦABC...Z , then ΦAB =

∑
µ pµ|ψµ〉〈ψµ| ⊗ |ψµ〉〈ψµ|.
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n
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n
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ZBA ......
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10C. M. Caves, C. A. Fuchs, R. Schack, J. Math. Phys. 43, 4537 (2002).
11M. Christandl, R. König, G. Mitchison, R. Renner, Commun. Math. Phys. 273, 473
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Main results

find |ϕ〉

s.t. TrIC (|ϕ〉〈ϕ|) = ρI , I ∈ I,
⇔

find ΦAB ∈ SEP

s.t. VABΦAB = ΦAB ,

TrAIc
(ΦAB) = ρI ⊗ TrA(ΦAB) ∀ I ∈ I.
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n
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n

ZBA ......
......
......

......

......

Due to the quantum de Finetti theorem, these are also equivalent and
can be tested with the following hierarchy for N ≥ 2:

find ΦAB···Z

s.t. P+
NΦAB···ZP

+
N = ΦAB···Z ,

ΦAB···Z ≥ 0, Tr(ΦAB···Z) = 1,

TrAIc
(ΦAB···Z) = ρI ⊗ TrA(ΦAB···Z) ∀ I ∈ I.
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Application: Absolutely Maximally Entangled states
An AME(n, d) state with n particles and local dimension d is a pure
state with all bn2 c-marginals maximally mixed.

Example: AME(2, d) are the maximally entangled states |φ+〉.

12

12https://www.tp.nt.uni-siegen.de/+fhuber/ame.html
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Application: Absolutely Maximally Entangled states

find |ϕ〉

s.t. TrIC (|ϕ〉〈ϕ|) = ρI , I ∈ I,
⇔

find ΦAB ∈ SEP

s.t. VABΦAB = ΦAB ,

TrAIc
(ΦAB) = ρI ⊗ TrA(ΦAB) ∀ I ∈ I.

From an AME(n, d) state |ϕ〉,
we can obtain another one by
applying local unitaries and
swapping particles.

Similarly, we can consider

ΦAB =
1

N
∑
π

V ⊗2
π

[∫
dU1 · · · dUn U⊗2

1 ⊗ · · · ⊗ U⊗2
n |ϕ〉〈ϕ| ⊗ |ϕ〉〈ϕ|

(U †1)⊗2 ⊗ · · · ⊗ (U †n)⊗2
]

(V †π )⊗2

as a solution to the problem.

1
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3

n

1

2

3

n

n-body
system A

n-body
system B
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π
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n |ϕ〉〈ϕ| ⊗ |ϕ〉〈ϕ|

(U †1)⊗2 ⊗ · · · ⊗ (U †n)⊗2
]

(V †π )⊗2

This solution satisfies the symmetries

U⊗2
1 ⊗· · ·⊗U

⊗2
n ΦAB(U †1)⊗2 · · · (U †n)⊗2 = ΦAB = ΦABV

⊗2
π ΦAB(V †π )⊗2.

We can add them to the problem.
Then, Schur-Weyl duality tells us that we can write

ΦAB =
n∑
i=0

xiP{V ⊗i ⊗ 1⊗(n−i)}.

How separability decides marginal problems [arXiv:2008.02124] 17 / 19



Application: Absolutely Maximally Entangled states

find |ϕ〉

s.t. TrIC (|ϕ〉〈ϕ|) = ρI , I ∈ I,
⇔

find ΦAB ∈ SEP

s.t. VABΦAB = ΦAB ,

TrAIc
(ΦAB) = ρI ⊗ TrA(ΦAB) ∀ I ∈ I.

ΦAB =
1

N
∑
π

V ⊗2
π

[∫
dU1 · · · dUn U⊗2

1 ⊗ · · · ⊗ U⊗2
n |ϕ〉〈ϕ| ⊗ |ϕ〉〈ϕ|

(U †1)⊗2 ⊗ · · · ⊗ (U †n)⊗2
]

(V †π )⊗2

This solution satisfies the symmetries

U⊗2
1 ⊗· · ·⊗U

⊗2
n ΦAB(U †1)⊗2 · · · (U †n)⊗2 = ΦAB = ΦABV

⊗2
π ΦAB(V †π )⊗2.

We can add them to the problem.

Then, Schur-Weyl duality tells us that we can write

ΦAB =
n∑
i=0

xiP{V ⊗i ⊗ 1⊗(n−i)}.

How separability decides marginal problems [arXiv:2008.02124] 17 / 19



Application: Absolutely Maximally Entangled states

find |ϕ〉

s.t. TrIC (|ϕ〉〈ϕ|) = ρI , I ∈ I,
⇔

find ΦAB ∈ SEP

s.t. VABΦAB = ΦAB ,

TrAIc
(ΦAB) = ρI ⊗ TrA(ΦAB) ∀ I ∈ I.

ΦAB =
1

N
∑
π

V ⊗2
π

[∫
dU1 · · · dUn U⊗2

1 ⊗ · · · ⊗ U⊗2
n |ϕ〉〈ϕ| ⊗ |ϕ〉〈ϕ|

(U †1)⊗2 ⊗ · · · ⊗ (U †n)⊗2
]

(V †π )⊗2

This solution satisfies the symmetries

U⊗2
1 ⊗· · ·⊗U

⊗2
n ΦAB(U †1)⊗2 · · · (U †n)⊗2 = ΦAB = ΦABV

⊗2
π ΦAB(V †π )⊗2.

We can add them to the problem.
Then, Schur-Weyl duality tells us that we can write

ΦAB =
n∑
i=0

xiP{V ⊗i ⊗ 1⊗(n−i)}.

How separability decides marginal problems [arXiv:2008.02124] 17 / 19



Application: Absolutely Maximally Entangled states

Using symmetries, we show that the existence of an AME(n, d) state is
equivalent to the separability of

ΦAB =

n∑
i=0

xiP{V ⊗i ⊗ 1⊗(n−i)},

where

xi =
(−1)i

(d2 − 1)n

n∑
l=0

l∑
k=0

(−1)l
(
i
k

)(
n−i
l−k
)

min{di+2l−2k, dn+i−2k}
.
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n
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n

n-body
system A

n-body
system B
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Take-home message

Pure quantum marginal problems are separability problems.

The existence of AME(n, d) is equivalent to the separability of
ΦAB(n, d).
Semi-definite programming is a very powerful tool. Use it in your
research!
Symmetries are a very powerful tool. Use them in your research!
Check out our paper for results on symmetries for higher-order
extensions, how error correcting codes are also marginal
problems and more!
Watch out for new results on the arXiv in the upcoming weeks!
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