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Theory of Nonequilibrium Local 

Search on Random Constraint 

Satisfaction Problems 

Erik Aurell

E Aurell, E Domínguez, D Machado, R Mulet, PhysRev Lett 123:230602 (2019)

Earlierpapersfrom the same groupof authors+ with Gino Del Ferraro (now at NYU)

Work in progress with E Domínguezand R Mulet (preliminary)
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Condensed matter and statistical physics. Most of  

the techniques have come from here. 

Interest in dynamics of 

discrete-state systems

Classic references: the books of  Van Kampenand 

Gardiner. 
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Brain science and Neuroscience

Interest in dynamics of 

discrete-state systems

A neuron can be idealized as on-off  system (spikes).

Time traceof o simulation by Yasser Roudiof 100 

inhibitory neurons and 400 excitatoryneurons.

Roudi, Aurell & Hertz (2009)
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Search in optimization and in constraint satisfaction

Interest in dynamics of 

discrete-state systems

The goal: to find a needle in a haystack òmore easilyó.
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Tree-like interactions

In equilibrium statistical mechanics of  disordered 

systems and information sciences, interactions can often 

be arranged in locally tree-like graphs (no short loops).

The cavity method (BP) is an efficient method to 

compute marginals of  such Boltzmann distributions.
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Tree-like dynamics

One can start from the joint probability of  all the 

histories of  all the dynamic variables (spins) that interact 

in a locally tree-like fashion, and then consider the 

marginal over the history of  one variable (spin).
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In this way one gets to 

dynamic cavity where...

émessages are conditional 

probability distributions on 

whole spin (variable) histories.

NB, these quantities satisfy BP 

equations. But the variables X i

are very high-dimensional.
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Random point processes

The weight of  a history 

of  a single spin  

Histories of  interacting spins   

The random point process ansatz for the messages  

Kipnis & Landim, Spinger Verlag 1999
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One can derive differential

dynamic cavity equationé

( ) ( ) ( )ñÔ ­

=

­­ -ù
ú

ø
é
ê

è
= dttXXXX iji

s

l

l

tt

j

tt

iijijiiji

i

ll

)(

0

)()( exp ,, 00 llm 33

( )( ) ( )ä Ô
µ

ù
ú

ø
é
ê

è
F=

µÍ

­µµ­­

jiX jik

tt

i

tt

kkikii

t

i

t

iiijiiji XXXXtr
\

00

\

)()()(  ,,
33mssml

Cavity jump rates are averages in the cavity of  bare jump rates. 

Aurell, Del Ferraro, Domínguez & Mulet (2017)
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..but this is not enough.

We havetried a 

Markov-type

approximation

+ usingthe 

cavity ansatz... 

éwhich gives the Cavity Master Equation

Aurell, Del Ferraro, Domínguez & Mulet (2017)
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Cavity master equation for the continuous time dynamics of discrete-spin models

E Aurell, G Del Ferraro, E Domínguez, R Mulet, Physical Review E 95, 052119 (2017)

Relaxation
Ferromagnetic

Random-field Ising model (RFIM)

Viana-Bray spin glass
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Ferromagnetic at c=3

Rather good. RFIM and Viana -Bray less good (see paper).
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Theory of Nonequilibrium Local Search on Random Constraint Satisfaction Problems 

E Aurell, E Domínguez, D Machado, R Mulet, PhysRev Lett 123:230602 (2019)

Search

Random 3-SAT

The best simple (local) algorithms to find the minimum of  such 

(complicated) energy functions are akin to non-equilibrium 

processes. They do not obey detailed balance.
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Illustration of KSAT energy

E Aurell et al Phys. Rev. (2018)

Somebook-keepingis 

neededto generalizethe 

dynamiccavity method

from pair-wise(p=2) 

interactionsto p-spin 

interactions(p>2).

This is becausethe sets 

a\i then contain more

than onespin (details

will be skipped).
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3SAT easy/hard phase structure 

one state

SAT UNSAT

more states no solutions

M N

d
3.92

cr
4.27

3SAT threshold values

Mézard, Paris & ZecchinaScience2002 (APS Onsager prize 2016) 
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Focused Metropolis Search (FMS) 

FMS: if  you have a solution, output and stop 

Loop

Pick an unsatisfied clause

Pick randomly a variable in the clause

Flip that spin according to Metropolis step

Pick step breaks 

detailedbalance. 

The solutions are

an absorbingset.
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Comparison of FMS and CME

This comparisonis for infinite -temperatureFMS (only

randomness, no greediness). This algorithm is alsoknown as 

PapademitriouõsRandomWalkSAT.

Agreementis quite goodaroundthe transition at ɻå 2.7.
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More dynamics

E Aurell et al  PhysRev Lett(2019), Fig 1
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FMS phase diagram

E Aurell et al  PhysRev Lett(2019), Fig 3
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Dynamics of 

quantum-annealing-

-like systems 
Ὄ ‭

ᶰ
„ ɝ„

Like a spin-bosonproblem with many spins and interactions

on locally tree-like graphs. The rest of the graphactsas bath

for the small subsetof the graphconsideredin the cavity.

E Aurell, E Domínguez, R Mulet [in preparation]
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X

Y

Leggett path integrals

Evolution of  the density matrix in spin-

boson problem is given by a pair of  piece-

wise constant paths. Leggett et al Rev Mod Phys (1987)

Evolution of  quantum annealing problem 

is given by a pair of  paths for each spin.
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Cavity double path integrals

יִ ᴼ ὢ ᶺȟὣ ᶺȿὢȟὣ ᶿὩᴐ ᴐ

ᶰ ᶺ

Ὡᴐ ᴐ

ᶰ ᶺ

ὢ꜠ ᶺ ὣ꜠ ᶺִי ᴼ ὢ ᶺȟὣ ᶺȿὢȟὣὩᴐ ᴐ

Ὓ is the action corresponding 

to interaction Hamiltonian Ὄ . 

Ὓis the action corresponding 

to one-spin Hamiltonian Ὄ.

”ᴼ ὼ ᶺȟώ ᶺȿὢȟὣ

ᶺ ᶺ

ᶺ ᶺ

ὢ꜠ ᶺ ὣ꜠ ᶺִי ᴼ ὢ ᶺȟὣ ᶺȿὢȟὣ

cavity 

density 

matrix
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Differential cavity double 

path integrals

”ᴼ ὼ ᶺȟώ ᶺȿὢȟὣ

ᴐ4Ò ᶺȟ ᶺ
Ὄ

ᶰ ᶺ

Ὄ

ᶰ ᶺ

Ὄ ȟ

ὖὼ ᶺȟώ ᶺȟὼ ᶺȟώ ᶺ ȟ
ȿὢȟὣ

The equations for cavity density matrices are not closed. 

In analogy with classical case it obeys a reduced 

Liouville equation

(1) short memory assumption

ὖὼ ᶺȟώ ᶺȟὼ ᶺȟώ ᶺ ȟ
ȿὢȟὣ ὖ ὼ ᶺȟώ ᶺȟὼ ᶺȟώ ᶺ ȟ

ȿὼȟώ

”ᴼ ὼ ᶺȟώ ᶺȿὢȟὣ ”ᴼ ὼ ᶺȟώ ᶺȿὼȟώ
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