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Theory of Nonequilibrium Local
Search on Random Constraint
Satisfaction Problems

Erik Aurell

E Aurell, EDominguez D Machado, R Mulet?hysRev Lett123230602 (2019)
Earlierpaperdrom the samgroupof authors+ with Gino Del Ferrarorfow at NYU)

Work in progresaith E Dominguezand R Mulet preliminary)
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Interest in dynamics of
discrete-state systems

Condensed matter and statistical physics. Most of
the techniques have come from here.
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Classic references: the books of Meampenand
Gardiner.
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ROYAL INSTITUTE

s discrete-state systems

Brain science and Neuroscien( sz
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9 ¢ ® inhibitory neurons and 406xcitatoryneurons.

@ @ Roudi Aurell & Hertz (2009)

@ Input Layer @ Hidden Layer @ Output Layer

A neuron can be idealized as @ff system (spikes).
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Interest in dynamics of
discrete-state systems

Search in optimization and in constraint satisfaction

Starting
Configuration

K

Perturb
(Hill Climbing)

Perturb
(Hill Climbing)

Objective Function f(X)

Variable X

The goal: to find a need
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In equilibrium statistical mechanics of disordered
systems and information sciences, interactions can ofter

be arranged in locally tredike graphs (no short loops).

The cavity method (BP) Is an efficient method to
compute marginals of such Boltzmann distributions.
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Tree-like dynamics

T OQegN) .

One can start from the joint probability of all the
histories of all the dynamic variables (spins) that interact
In a locally treelike fashion, and then consider the
marginal over the history of one variable (spin).

February 24, 2020 Erik Aurell 6



In this way one gets to
dynamic cavity where...

émessages ar e
probability distributions on
whole spin (variable) histories.

fis ;i (X

NB, these guantities satisfy BP
equations. But the variablesX;
are very highdimensional.
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Random point processes

Kipnis & Landim, Spinger Verlag 1999

The weight of a history  x;of——1-—- [~
of a single spin D C3) S S m—

D YL 3] T E— I ——
D O3] IR ——

Xy () f------F === e

Histories of interacting spins

The random point process ansatz for the messages

S t
i (Xil X;) = ] ] /\ia(ij)(tli)exp{_ft Ai—s (ig) (T)dT}

l;=1
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One can derive differential g¥g

dynamic cavity equationé

[ F(Xi|xm):é'§i ri(sitl’sltlli’t| geXI{- ﬁdt)J

.,
A,

[/ MM ) = a gﬁ (Sit,s;,t)F(XJXw)C) m. (ki)(Xf(O?’t Xt°3t)g}
Ki i\

Xi\j € u

Cavity jump rates are averages in the cavity of bare jump rates.
Aurell, Del Ferraro, Dominguez & Mulet (2017)
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.. sty
.but this Is not enough. P

g%

We havetried a [ ( ) FZ ﬂ,w)( ! fﬂ
Markov-type e
appro>_<imation ; w3t ) T
+ usingthe P(Si 1t‘xj ) P(Si ’t‘sj)
cavity ansatz..

é which gives theCavity Master Equation

Aurell, Del Ferraro, Dominguez & Mulet (2017
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Relaxation

) a0 Ferromagnetic
-] Y 0+ Y ko Randomield Ising model (RFIM)

—Z],;ja,;aj Viana-Bray spin glass

On an ErdOs-Renyi random graph at mean connectivity

c =3 and N = 1000 nodes.

Cavity master equation for the continuous time dynamics of disspatemodels
E Aurell, G Del Ferraro, E Dominguez, R Mulet, Physical Review E 95, 052119 (2017)
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Ferromagnetic at c=3
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Rather good.RFIM and Viana -Bray less good (see paper).
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Search

1—]&0',161 1_]ga0'j 1—];?O'ka
Z( . )( ! )( > ) Random 3SAT

The best simple (local) algorithms to find the minimum of such
(complicated) energy functions are akin to neeguilibrium
processes. They do not obey detailed balance.

Theory of Nonequilibrium Local Search on Random Constraint Satisfaction Problems
E Aurell, EDominguez D Machado, R Mulet?hysRev Lett123230602 (2019)
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Somebook-keepingis
neededo generalizehe
dynamic cavity method
from pair-wise(p=2)
Interactionsto p-spin
Interactions(p>2).

This is becausdhe sets
a\l then contain more
than onespin (details
will be skipped.

E Aurell et alPhys. Rev. (2018)
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3SAT easy/hard phase structure
SAT P UNSAT @

one state "‘ . .‘. .
no solutions

more states

3SAT threshold values D(d:3.92

x=M/N Olcr=4.27

Mézard Paris &ZecchinaScience002 (APS Onsager prize 2016)
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FMS: if you have a solution, output and stop
Pick an unsatisfied clause

Pick randomly a variable in the clause
Flip that spin according to Metropolis step

Loop
A simulation of FMS

from about 10 years
ago. Ratio of clauses
to variables @ = 4.22.
FMS shows several
distinct phases. Theory
has been lacking.

February 24, 2020
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Erik Aurell time = flips/N
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Comparison of FMS and CME

0.4
CMEw-27 — FMS ¢ =27 »
I|I = E-E L = E-E .
2! =32 =32 «
[\
E 0.2
]
] "-':':_'_'_-.;_.__i — ) ] ) =
0 LI T S S——
0 0.5 1 1.5 2 25 3
t/M

This comparisonis forinfinite -temperatureFMS (only

randomnessno greedinese This algorithm is alsoknown as
Papade mRandomdalk&Arl

Agreementis quite goodaroundthe transitionatj a 2. 7 .
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E Aurell et al PhysRev Lett(2019),Fig 1
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E Aurell et al PhysRev Lett(2019),Fig 3
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Dynamics of

guantum-annealing-
-like systems

o : ( ”<>> > O

Like a spinbosonproblemwith many spins andinteractions
onlocally tree-like graphs The restof the graph actsasbath
for the smallsubsetof the graph consideredn the cavity.

E Aurell, EDominguez R Mulet [in preparation]
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Leggett path integrals

Evolution of the density matrix in spin
boson problem is given by a pair of piece
wise constant paths. eggett et arev Mod Phyg1987)

>

Evolution of quantum annealing problem
IS given by a pair of paths for each spin.
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Cavity double path integrals

A \“’
X
S

Y Is the action corresponding
to interaction Hamiltonian O .

"YIs the action corresponding
to onespin Hamiltonian O.

cavity
o (o B . D) "B T h .t o (0. . i) density
O matrix
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Differential cavity double

path integrals
The equations for cavity density matrices are not closed.
In analogy with classical case it obeys a reduced

Liouville equation '

”O((‘L)/\FIJ:)A@FII))

a0 (o (o o)

a(a)AﬁbAﬁa)AﬁbA}ﬁ@m)

(1) short memory assumption

~
L)

0 (@ . Fd o\ Fo o« Fid W}, 0D U((bAﬁbAl:{(bAﬁbA}.ﬁ.gbhb)
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